The Harwell multifrontal code MA27 is able to solve symmetric indefinite systems of linear equations such as those that arise from least-squares and constrained optimization algorithms, but may sometimes lead to many more arithmetic operations being needed to factorize the matrix than is required by other strategies. In this paper, we report on the results of our investigation of this problem. We have concentrated on seeking new strategies that preserve the multifrontal principle but follow the sparsity structure more closely in the case when some of the diagonal entries are zero.
Introduction
WE consider the direct solution of sparse symmetric systems of linear equations in which the coefficient matrix is indefinite because some of its diagonal entries are zero. As an example of applications in which such linear systems arise, consider the equality constrained least-squares problem minimize ||JRr-6|| 2 (1.1)
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subject to Cx = d, (1.2) where B is an m x n matrix, b is a known m-vector, C is a k x n matrix, and d is a known it-vector. It is presumed that k =s n =£ k + m. This problem is equivalent to solving the sparse symmetric linear system subject to the linear equality constraints (1.2), where H is an n x n symmetric matrix. Such problems arise both in their own right and as subproblems in constrained optimization calculations (see Gill, Murray, & Wright, 1981) . Under a suitable inertial condition, the problem of solving (1.4) subject to the constraints (1.2) is equivalent to solving the symmetric but indefinite system of linear equations
The present Harwell Subroutine Library code MA27 uses a multifrontal solution technique to solve sparse symmetric linear systems (Duff & Reid, 1983) . The preliminary analysis phase chooses a tentative pivot sequence from the sparsity pattern alone, assuming that the matrix is definite so that all the diagonal entries are nonzero and suitable as 1 x 1 pivots. For the indefinite case, this tentative pivot sequence is modified in the factorization phase to maintain stability by delaying the use of a pivot if it is too small or by replacing two pivots by a 2 x 2 block pivot (Bunch & Parlett, 1971) .
The assumption that all the diagonal entries are nonzero is clearly violated in the above examples and for such problems the fill-in during the factorization phase of MA27 can be significantly greater than predicted by the analysis phase (GUI, Murray, & Saunders, 1989) . The aim of this study is to improve the effectiveness of MA27 when the coefficient matrix has some zero diagonal blocks by exploiting these blocks during the analysis and factorization phases and, in particular, by allowing the inclusion of 2 x 2 pivots in the tentative pivot sequence selected by the analysis phase. The use of a 2 x 2 pivot with one or both of its diagonal entries zero may preserve a whole block of zeros, a possibility that was not available when the diagonal entries were treated as nonzeros. In Section 2 we briefly review the strategy followed by MA27, and in Section 3 we outline our proposed modifications to the analysis phase. In Section 4 we discuss corresponding modifications to the factorization phase and propose a new stability criterion for 2x2 pivots. In Section 5 we give some theoretical results for our proposed pivotal strategies when applied to special classes of problems, and we present numerical results for a range of problems in Section 6. These numerical results were obtained with an experimental code that is much easier to modify than MA27 but runs less efficiently. Finally, in Section 7 concluding comments are made. We will be modifying MA27 itself in the light of our conclusions.
Throughout the paper, we use the notation a,j to refer to an entry in the current reduced matrix, and r, to denote the number of nonzero entries in row i of the current reduced matrix. This latter quantity is known as the row count of row i.
factorization of a matrix with the same pattern using the tentative pivot sequence as its guide, and the solve phase uses the numerical factorization to solve a set of equations.
Efficiency is achieved during the analysis and factorization phases by the multifrontal technique. At a typical intermediate stage, the reduced matrix is stored as a sum of original entries and of 'generated element matrices', each created during an earlier pivotal step. Each generated element matrix has nonzeros in a limited number of rows and columns and is stored as a dense matrix and an index set. When a pivot is chosen, the original entries of the pivot row and column and the generated element matrices that involve the pivot row are added together (a process usually called 'assembly'). If the pivot is chosen well, the result again has nonzeros in only a small number of rows and columns and so can be stored as a dense matrix and an index set. The pivotal operations are performed within this 'frontal matrix' and a new generated element matrix results. The process is particularly efficient during the analysis phase since only the index sets need to be stored and manipulated.
During the analysis phase of MA27, a tentative pivot sequence is chosen using the minimum degree criterion, assuming that any diagonal entry is nonzero and suitable as a pivot. The tentative pivot sequence of 1 x 1 pivots chosen during the analysis phase may be modified during the factorization phase to maintain stability and 2x2 pivots may be used. The stability condition that lxl pivots are required to satisfy is kt*l > « max |ajg|, (2.1)
where u is a user-specified parameter in the range 0*Su^2-If (2.1) is not satisfied and u >0, MA27 attempts to use a 2 x 2 pivot. For a 2 X 2 pivot the stability condition
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II max [max (1^1, \a k+u \)]* U -1 (2.2) is used. The limit 2 on the parameter u ensures that a full set of pivots will be chosen. These modifications to the pivot sequence usually lead to generated element matrices that are larger than anticipated by the analysis phase because they contain rows and columns that were expected to have been eliminated but are still present since stable pivots cannot be chosen for them.
Modifications to the analysis phsse of RflA27
In this section we shall discuss the modifications to the analysis phase of MA27 that we have considered. We first introduce some definitions and terminology.
We say that a variable is defective if the corresponding diagonal entry of the current reduced matrix is known to be zero; otherwise we say that the variable is nondefective. A variable that is initially defective, and becomes nondefective because its diagonal entry fills in, is assumed to remain nondefective until it is eliminated.
The degree of a variable is the number of nonzero off-diagonal entries in its row of the current reduced matrix. The degree of a 2 x 2 pivot is the number of columns of the reduced matrix, apart from the columns of the pivot, that have an entry in either of the pivot rows.
We have chosen the term oxo pivot for a 2 X 2 pivot of the form ro a\
Va oJ' (3.1) which involves two defective variables i and /' for which the matrix entry a = a tl = a jt is nonzero. We use the term tile pivot for a 2 x 2 pivot of the form 1 or which involves a nondefective variable i and a defective variable ; for which the matrix entry a = ay = a^ is nonzero. We use the term full pivot for a 2 x 2 pivot of the form r 1
which involves two nondefective variables i and j for which the matrix entry a = a^, = fl^ is nonzero. Following Gill, Murray, Saunders, & Wright (1989) , we say that a symmetric 2nx2n matrix T is a tiled matrix if T is of the form
T =
where Ty, 1«i,j =s n, is a 2 x 2 matrix ... T ln and Ty = Tj,. We call each Ty a tile. Gill, Murray, Saunders, and Wright (1989) report obtaining improved performance on problems of the form (1.5) in which C is an almost square matrix, by using their knowledge of the derivation of the problem to pair most of the variables belonging to the matrix H with variables belonging to the zero block. They then permute the coefficient matrix to the form rr FT LF T E\ ' (3.6) where T is a tiled matrix and the remaining blocks are relatively small. Gill et al. gave the structure of the tiled matrix to the analysis phase of MA27 by treating Ty as a single entry that was nonzero if and only if Ty was a nonzero matrix. An ordinary pivot sequence was constructed for the factorization phase by expanding the data structure to consider each tile as a 2 x 2 matrix, with the additional variables placed in arbitrary order at the end. We seek to improve the performance of MA27 on problems of the form (1.5) without the need for any special knowledge of the problem.
Minimum Degree Criterion for 2x2 Pivots
We considered extending the idea of minimum degree ordering to include 2x2 pivots. Since calculating the degree of a potential 2x2 pivot would be expensive, we chose to approximate it with the larger of the degrees of the two variables involved. This allowed us to limit the choice of pivots to 1 x 1 pivots and oxo pivots while still implementing a minimum degree strategy. We used the following algorithm for choosing a pivot, which is a minor modification of the existing MA27 algorithm: We refer to this strategy as the 'minimum degree' strategy. Note that this algorithm gives preference to 1 x 1 pivots, a choice that we made on the grounds of efficiency in pivot selection.
For unconstrained least-squares problems (matrix C in equation (1.3) has no rows), the matrix (1.3) has no oxo pivots and nor will the reduced matrix following a 1 X 1 pivot. The same is true for the matrix in equation (1.5) if if has no zero diagonal entries. For such matrices, the above algorithm chooses only lxl pivots but differs from the original MA27 minimum degree algorithm because it chooses only nondefective variables as pivots.
We considered variations of the above minimum degree strategy, particularly because we wished to include 2x2 pivots for unconstrained least-squares problems and quadratic programming problems. We experimented with considering the variables of degree d in the order that the data structure dictates, accepting a 1 x 1 pivot in the nondefective case and performing the search for a 2x2 pivot of degree d in the defective case, now allowing a tile pivot. We also tried giving preference to 2 X 2 pivots over lxl pivots, and we considered forcing tile and oxo pivots as long as there remained any defective variables. These strategies were more expensive to implement than that which gives and we use a 2 X 2 pivot that has a diagonal entry in the zero block, the zero block is preserved. It would therefore seem to be desirable to favour such pivots. The minimum degree strategy, even if implemented exactly, gives little encouragement to such pivots. This has led us to consider the strategy of Markowitz (1957) as an alternative way of extending the strategy of minimum degree to 2 X 2 pivots. For a 1 X 1 pivot in row i, the Markowitz cost is
where r, is the number of nonzeros in row i. Let us treat a 2x2 pivot as if performing ordinary elimination steps pivoting on aj, and then on ay. The first pivot a jt has Markowitz cost (fi-lXij-l). (3.10)
For an oxo pivot (3.1), the first pivot step causes no fill-in to row i or column ;', so the second pivot has the same Markowitz cost. For a tile pivot (3.2), there is no fill-in to column /, but row i has a fill-in for each zero that corresponds to a nonzero of row /. If Cy is the number of columns k such that a tt and a jk are both nonzero, the Markowitz cost of the second pivot ay is (r,-l)(r,-2+ !>-<:<,), (3.11) where c H satisfies the inequalities
For a full pivot, row i has a fill-in for each zero that corresponds to a nonzero of row /, and column j has a fill-in for each zero that corresponds to a nonzero of column i. The Markowitz cost of the second pivot is
where Cy satisfies the inequalities r / , rj).
(3.14)
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If we take the Markowitz cost of a 2 x 2 pivot to be the cost of the first pivot, it is possible that a large amount of fill-in may occur when the second pivot is used, making the pivot a poor choice. We therefore take the Markowitz cost of a 2 x 2 pivot to be the Markowitz cost of the second pivot. Restricting the pivot choice to lxl, oxo, and tile pivots, at each stage we choose a pivot to minimize the Markowitz cost using the following algorithm:
for r: = 1 step 1 until n do begin for each variable i with row count r do begin if variable i is nondefective then accept it as a 1 x 1 pivot and goto exit ebe for each variable ; for which there is a nonzero entry (i, /') in the current reduced matrix do begin if the Markowitz cost =e (r -I) 2 then accept (i, /) as a 2 x 2 pivot and goto exit; if the Markowitz cost is the smallest so far found then store it as such end end if there is a stored 2x2 pivot with Markowitz cost «£ r 2 then accept the 2x2 pivot and goto exit end exit:
We refer to this strategy with the Markowitz cost of a 2 x 2 pivot taken to be the Markowitz cost of the second pivot as the 'Markowitz' strategy. By storing the best 2x2 pivot and accepting it as the next pivot if it has Markowitz cost not exceeding r 2 when all variables with row count r have been considered, some preference is given to 2 X 2 pivots. Computing the Markowitz cost of the second pivot requires us to count the number of entries rows i and / have in common, a process that we regarded as prohibitively expensive in Section 3.1. The amount of work involved in this computation is reduced if we assume that the largest possible amount of fill-in occurs (that is, c lj = 1 in expression (3.11)). We refer to this strategy as the 'Markowitz-b' strategy. Although taking the Markowitz cost of a 2 x 2 pivot to be the cost of the first pivot can lead to a large amount of fill-in when the second pivot is used, using the cost of the first pivot also avoids the need to count the entries rows i and j have in common. We have therefore experimented with this strategy, which we refer to as the 'Markowitz-1' strategy.
For a 1 x 1 pivot the Markowitz cost (3.9) bounds the fill-in that may occur in the reduced matrix during the pivot step. This motivated us to consider defining the cost of a 2 x 2 pivot to be the most fill-in that can occur in the reduced matrix during the pivot step. Calculating this cost requires the number of entries rows i and j have in common to be counted for both oxo and tile pivots so it is at least as expensive to implement as our Markowitz strategy. Our numerical experiments suggest that for some problems using this strategy can give a small improvement in the results compared with those obtained using our Markowitz strategy but for other problems our Markowitz strategy gave better results. The additional expense for oxo pivots leads us to prefer our Markowitz strategy. Results of the experiments using the fill-in cost are not presented in this paper.
Avoiding Exact Cancellation
It is possible for numerical dependencies to lead to pivots chosen during the analysis phase never being acceptable during the factorization phase. For example, suppose the leading submatrix has the sparsity pattern x x x x x 0 0 0 x 0 0 x x 0 x 0 (3.15) and suppose the analysis phase chooses the (1,1) entry as a 1 x 1 pivot. The generated element matrix will be full and the analysis phase can then choose variables 2, 3, and 4 as successive lxl pivots. In the factorization phase, choosing a n and «22 as successive lxl pivots is equivalent to using variables 1 and 2 together as a tile pivot, so a 33 and 044 remain zero (or have small values because of round-off) and cannot be used as lxl pivots. We can avoid such an occurrence for a 1 x 1 pivot by ensuring that the analysis phase never chooses one that was initially defective. This requires allowing the inclusion of full 2x2 pivots in the analysis phase. Our experience has been that this strategy leads to poorer results, and we conclude that numerical cancellation is not a serious problem. This is confirmed by the results we obtained when numerical values were used for selecting the pivot sequence (see Section 4.3 and Table 6 .1).
Storing the Generated Element Matrices
When a 1 x 1 pivot is selected, the new generated element matrix will be full and all the variables associated with its rows will become nondefective. It is this property that leads to the efficiency of storing the generated element matrices as full submatrices in the definite case. In the indefinite case, a 2 X 2 pivot with a zero diagonal entry in row 1 produces no fill in the square block of rows and columns corresponding to the zeros of row i. We therefore propose to modify MA27 to hold generated element matrices of the forms [A, A 2 1 Uj oJ' (3.16) and r n 4,1 (3.17)
Note that the present MA27 form of generated element matrices is the special case of (3.16) that occurs when the zero block is null. A tile pivot leads directly to which can be represented as the sum of a matrix of the form (3.16) for the first block row and column and a matrix of the form (3.17) for the remainder. This form of storage leads to a slightly more complicated assembly process, but the cost during the analysis phase remains linear in the lengths of the lists. If the leading block of a generated element matrix (3.16) involves a later pivot row, the generated element matrix can be absorbed without any loss of efficiency into the new generated element matrix for that pivot. However, if the trailing block of a generated element matrix (3.16) or a generated element matrix (3.17) involves a later pivot row, it may be impossible to absorb the old generated element matrix without increasing the size of the new generated element matrix. Instead, therefore, we simply remove the pivot row and column (or rows and columns) from the old generated element matrix and keep the rest. Having found the new generated element matrix, we check whether any of these outstanding old element matrices can in fact be absorbed.
Modtfcations to the factorization phase of MA27
The analysis phase of the current MA27 code assumes that all the variables are nondefective and the tentative pivot sequence contains only lxl pivots. At each stage of the factorization phase, if a pivot is unacceptable for stability reasons, a search is made for a suitable partner for use as a 2 x 2 pivot (details are given by Duff & Reid, 1983) . We found that, for some problems, if we pass to the existing factorization phase the tentative pivot sequence obtained using our modified analysis phase without labelling the 2x2 pivots, considerable modifications were often made to the pivot sequence and the advantage of having incorporated 2x2 pivots within that sequence was largely lost. We therefore need to modify the data passed to the factorization phase to include the 2x2 pivots chosen by the analysis phase. During the analysis phase we flag the first entry in a potential 2x2 pivot and place its partner next in the pivot sequence. When we encounter a flagged entry in the factorization phase, the flagged entry and the entry immediately following it are tested for use as a 2 x 2 pivot. If this 2x2 pivot is unsuitable, we consider the first variable associated with the rejected pivot as if it were an unflagged entry.
Another change that we plan for the factorization phase is to work with generated element matrices of the forms (3.16) and (3.17) as for the analysis phase. Now there will be a substantial storage gain from not storing the zero blocks explicitly.
In addition to these changes, we have modified the stability test for 2x2 pivots, and we have introduced an additional test for tentative pivots based on the A pivot which has Markowitz cost zero causes no change to the reduced matrix and needs no test for stability. Hence the stability conditions (2.1) and (4.5) for lxl and 2x2 pivots respectively are only employed if the Markowitz cost of a potential pivot exceeds zero.
We note that, in the case of a tile pivot (a k+lk+1 = 0), the two parts of the new stability condition (4.5) are exactly those which result from applying the lxl pivot stability test (2.1) to the successive off-diagonal pivots a k+l k and a kk+1 .
We found that the old stability test (2.2) sometimes rejected a tile pivot chosen during the analysis phase and then used its two diagonal entries as successive lxl pivots. This can be very unsatisfactory from a sparsity point of view because and it is seen that the second lxl pivot is also accepted. When a 2 x 2 pivot is advantageous from a sparsity point of view, we avoid splitting it into two lxl pivots by accepting a 2 x 2 pivot that fails to satisfy the stability condition (4.5) if its two diagonal entries are acceptable as successive lxl pivots. Note that to implement this, it is necessary to flag the 2x2 pivots passed from the analyse phase to the factorization phase, as we discussed at the beginning of Section 4. We experimented with not passing flags to our new factorization phase. For many of our test problems, if the flags were not employed, there was little deterioration in the results (omitting the flags never improved the results), but for some problems there was a significant increase in the cost of the factorization.
A Test on the Markowitz Cost
With the Markowitz, Markowitz-1, or Markowitz-b strategy in use in the analysis phase, early 2x2 pivots may be chosen with only one row having a small number of entries. For example, a tile pivot (i, j) that has only a single entry in row j will have zero Markowitz cost for any number of entries in row i. During the factorization phase, any such pivot may become very undesirable from a sparsity point of view if changes in the pivot sequence have increased the number of entries in the short row.
We need some mechanism for recognizing this situation. We have chosen to add the expected Markowitz cost of each pivot (the cost found during the analysis phase) to the data passed from the analysis phase to the factorization phase. During the factorization phase we then delay any pivot whose actual Markowitz cost exceeds l| times its expected Markowitz cost and, additionally, is greater than a prescribed threshold, until its Markowitz cost is less than or equal to lj times the expected Markowitz cost of the latest candidate pivot. The threshold is taken to be k 1 , for some k, so that any stable lxl pivot with not more than k off-diagonal entries in its row is accepted. We have experimented with various values of k. With k = 2, we found that too many desirable pivots were rejected, and with it 5= 4 we accept oxo and tile pivots which cause a significant amount of fill-in. We therefore chose k = 3. The factor of \\ permits us to accept pivots whose actual Markowitz costs are a limited amount larger than was predicted. Our numerical experiments suggest that the results are not very sensitive to this choice of \\, but we found that for some of our test problems using a factor as large as 2 did lead to a significant increase in the cost of the factorization.
Towards the end of the elimination, it is possible that the test on the Markowitz cost of a potential pivot prevents the selection of any pivot and at this point we cease to test the Markowitz cost of the pivots.
Analysis using Numerical Values
For unsymmetric problems, it is usual to use numerical values when choosing the pivot sequence. We would be reluctant to switch to this strategy here because it would mean the loss of an analysis phase that is much faster and requires much less storage than the corresponding factorization phase. We have included it in this study because of concern over numerical dependencies leading to pivots, chosen during the analysis phase, never being acceptable during the factorization phase, a possibility discussed in Section 3.3. By using numerical values when choosing pivots, we avoid all such problems.
We will refer to the strategy of using numerical values when selecting pivots following the Markowitz strategy as 'numerical'. This strategy will employ the new stability test (Section 4.1) and the Markowitz cost test (Section 4.2). Note that we may need full 2 x 2 pivots if both diagonal entries are too small for use as lxl pivots. The Markowitz cost of such a pivot was discussed in Section 3.2.
Theoretical results
In this section we present theoretical results for some special classes of problems. THEOREM 
For a2nx2n tiled matrix T with diagonal tiles the Markowitz and Markowitz-1 analysis strategies choose n tile pivots.
Proof. Since the diagonal tiles are all of the form (5.1), the matrix has no oxo pivots and nor will the reduced matrix following a 1 x 1 pivot or a tile pivot. It is therefore sufficient to show that tile pivots are selected in preference to 1 x 1 pivots.
We begin by showing that the first pivot chosen in the analysis phase using either the Markowitz strategy or the Markowitz-1 strategy is a tile pivot. Let a nondefective variable with the smallest row count be k. Since variable k is nondefective, variable k +1 is defective and, since T is a tiled matrix with nonzero diagonal tiles, r k+l satisfies r k+l <r k .
(5.2) .10)). This is minimized if r, = r k , and we again deduce that the first pivot is a tile pivot. If a tile pivot is used, the reduced matrix after the first stage of the elimination is a tiled matrix with nonzero diagonal tiles. The result follows by induction.
• In Theorem 5.1, if the Markowitz strategy is employed, a tile pivot (/, k +1) can have the same cost as the pivot (k, k + l) only if rows k and / have the same sparsity pattern. Therefore, interchanging rows k and / has no effect on the sparsity pattern and it is as if the n tile pivots chosen in the analysis phase are all of the form (k, k + 1). This is not true if the Markowitz-1 strategy is used. In this case there may exist a nondefective variable l^k such that the tile pivots (/, k +1) and (k, k + l) have the same cost while rows k and / have different patterns. Interchanging rows k and / then increases the number of nonzero tiles, so using the pivot (/, k + l) may cause more fill-in than the pivot (k, k + 1).
We note that Theorem 5.1 does not hold if pivots are selected using the Markowitz-b strategy. For the Markowitz-b strategy, the best possible tile pivot (/, k + l) with r, = r k has cost (see (3.11)) (r k+1 -l) (r k -3 + r k+l Comparing (3.9) (with i = k) with (5.12) and (5.13), we deduce that the tile pivot {k, i + m) has a smaller Markowitz cost than the best lxl pivot, and a tile pivot is therefore chosen as the first pivot.
A tile pivot preserves the zero block and the reduced matrix after the first stage of the elimination process is of the form or (5.14) where H x has nonzero diagonal entries and each row of H t contains the sparsity pattern of at least one row of B\. By induction we continue to choose tile pivots until all the defective variables have been selected. A 1 x 1 pivot can only be chosen before n tile pivots have been selected if, at some stage / of the elimination process, the reduced matrix B t has a row, say row r, of all zeros. The reduced matrix H, has nonzero diagonal entries, therefore variable r is nondefective and may be used as a 1 x 1 pivot. Since row r has no entries in B h this pivot preserves the zero block. We observe that if m = n, Theorem 5.2 may be deduced from Theorem 5.1. For if m = n, there exists a permutation P such that ' (515) is a tiled matrix. The permutation P is found by permuting the rows of B T to place nonzeros on the diagonal, and then pairing the rows of H with the rows of the permuted matrix B r . Since h u is nonzero for all i, 1*sj as n, T has nonzero diagonal tiles. 
Numerical experiments
In this section we describe the results of testing the proposed modifications to MA27 on a variety of problems. All the results were obtained using our experimental code. The data for the problems was taken from the extensive set of linear programming test problems available from Netlib (Dongarra & Grosse, 1987) as collected by Gay (1985) . All computation was performed on the IBM 3084Q at Harwell.
Each problem was constructed to be of the form
e" *]•
where Bisanmxn matrix (m s= n) that is a permutation of a Netlib matrix. With the given Netlib data, we scaled the rows and columns of the matrix (6.1) using the scheme of Curtis & Reid (1972) , implemented as subroutine MC19 in the Harwell Subroutine Library. The results presented in the tables of this section are representative of all the problems we tried.
We report in detail the results for four classes of problems:
Problems of this type arise from the solution of unconstrained leastsquares problems (C null in equation (1.3)).
where B 2 is an n X n submatrix of B of full rank. Our motivation for considering problems of this type is equality constrained least-squares problems (see Section 1) and Karmarkar's interior point linear programming algorithm (Karmarkar 1984) . The matrix (6.2) is a limiting form of those which occur during the implementation of Karmarkar's algorithm, (iii) As (ii) with B 2 a k X n (k «£ n) submatrix of B such that
where D k is a k x k diagonal matrix. Matrices of this type arise in constrained least-distance problems for which there is a mixture of equality and inequality constraints. (iv) H has the sparsity pattern of BB r , and the values of the nonzero entries in the matrix (6.1) are obtained using subroutine FA01 from the Harwell Subroutine Library, which generates uniformly distributed pseudo-random numbers in the range [-1,1]. Problems of this structure were proposed to us by Gill, Murray, & Saunders (1989) .
In addition to the above classes of test problems, we have tested our proposed modifications to MA27 on a small number of tiled matrices. For 2n x 2/i tiled matrices we found that the Markowitz and Markowitz-1 strategies chose n tile pivots (as predicted by Theorem 5.1), and although the Markowitz-b strategy did not always choose all the pivots to be tiles, for the tiled matrices we considered, the predicted cost of the factorization phase using the Markowitz-b strategy did not exceed that of the Markowitz strategy by more than 12 per cent. The Markowitz-b strategy gave results which compared very favourably with those obtained using the original MA27 strategy and the minimum degree strategy.
In Table 6 .1 a comparison of the different strategies we have considered for the analysis phase of MA27 is presented. We used the default value 0.1 for the relative threshold parameter u. The predicted number of flops is the number of flops the analysis phase predicts will be required by the factorization phase, and the actual number of flops is the number of flops actually used by the factorization phase. For the numerical strategy (Section 4.3), the predicted number of flops is equivalent to the actual number of flops. Results for FFFFF800 are not included in class (iv) since this problem was prohibitively large for our experimental code. It may be seen that for problems belonging to classes (ii) and (iii), the Markowitz strategies are far more successful than the original and minimum degree strategies. Furthermore, in the factorization phase, little gain is lost through pivoting for stability and the results for the Markowitz and Markowitz-b strategies differ from those of the numerical strategy by less than 12 per cent. For the Karmarkar problems (class (ii) ) with data Capri, FFFFF800, Since a pivot with zero expected Markowitz cost is not tested for stability in the new factorization phase, the actual number of flops was equal to the predicted number of flops for these problems. The comparison between the different strategies is less clear cut for classes (i) and (iv), but for class (i) good gains using the Markowitz and Markowitz-b strategies are observed for Capri, FFFFF800, and Beaconfd, and for class (iv) there are substantial gains for Capri and Beaconfd. The use of a numerical analysis phase gives improvements of less than 20 per cent compared with the Markowitz strategy. For ah" the problems considered, except E226 in class (iv), the Markowitz and Markowitz-b strategies give improvements over the original strategy.
In a recent paper, George & Liu (1989) discuss the effects of tie-breaking on the minimum degree ordering algorithm. For a 180 x 180 grid problem, George & Liu report that when MA27 was employed with ten different random initial orderings there was a difference of approximately 30 per cent in terms of the factorization operation counts between the best and worst orderings. We have performed some experiments on our test problems by randomly permuting the rows and columns of the test matrices before passing them to our experimental codes for the analysis and factorization phases. For the problems tried, we found that the predicted and actual flop counts were not very sensitive to the order in which the data was presented. Typically, the flop counts varied by less than 10 per cent. For the Karmarkar problems with Capri, FFFFF800, E226, and Beaconfd data, the optimality of the pivot sequences chosen using the Markowitz strategies was not dependent on the order of the input data.
The actual flops for the original strategy are those of the present factorization phase of MA27. If the expected Markowitz costs of the pivots chosen using the original strategy are passed to the new factorization phase, some improvement occurs because of the new stability test (4.5), the Markowitz cost test, and the new storage scheme for the generated element matrices, but the original strategy still compares unfavourably with those of Sections 3.1 and 3.2.
For the problems in Table 6 .1 the matrix B in (6.1) is of order mx.n with m » n. For class (i) and (iv) problems if m » n and the tentative pivot sequence is selected using the Markowitz, Markowitz-1, or Markowitz-b strategy, the sequence will in general contain few tile pivots. We anticipate that these strategies will give a more significant improvement over the minimum degree strategy for these problems when B is almost square since the zero block is then proportionally larger. Moreover, B T is more likely to contain rows with a single nonzero, which may be used to form tile pivots with Markowitz cost zero. We have therefore constructed almost square matrices B by deleting rows of B to leave a full rank submatrix of order n* x n with n* = n. The results of applying the different strategies to class (i) and (iv) problems with B almost square are given in Table 6 .2.
Tables 6.1 and 6.2 suggest that, of the Markowitz strategies discussed in Section 3.2, selecting the pivots on the basis of the Markowitz cost of the second pivot in a 2 x 2 pivot gives the most efficient factorization. However, for most problems using the upper bound on the Markowitz cost of the second pivot yields results which are comparable with those where the exact Markowitz cost is computed and, since the exact Markowitz cost is expensive to compute (involving a merge of the two pivotal rows), we will adopt the Markowitz-b strategy which uses this upper bound. The choice of the relative pivot threshold u and the scaling of the rows and columns of the matrix can have a profound effect on the measure of agreement between the predicted and actual numbers of floating-point operations. A small value of u such as 0.01 is sometimes used despite the attendant risk of numerical instability (Gill, Murray, & Saunders, 1989) . This has motivated us to consider using smaller values for u, in particular, u = 0.01. In Table 6 .3(a) we report the results of experiments with the original MA27 strategy using u = 0.01. In addition, we consider taking the pattern of the matrix B and generating the values of the nonzero entries using subroutine FA01 from the Harwell Subroutine Library. We refer to the resulting problems as the random test problems. In Table 6 .3(b) we report the results corresponding to those in Table 6 .3(a) using at Radcliffe Science Library, Bodleian Library on May 17, 2010 the Markowitz-b strategy to select the tentative pivot sequence and employing the proposed modifications to the factorization phase. The results for FFFFF800 are omitted from these tables (and from subsequent tables) since this problem was significantly larger and was too expensive to run using our experimental code. Additionally, from the experiments we did run on this problem, it appeared to provide no new information. We also omit results for class (iv) since these problems were also expensive to run using our experimental code, and they appeared to behave in a similar manner to the class (i) problems (see Tables 6.1  and 6 .2).
Tables 6.3(a) and (b) demonstrate that it is difficult to advise the user on how accurate the predicted cost returned by the symbolic analysis phase is likely to be. The reliability of the predicted cost depends upon the number of zero diagonal entries in the matrix, the values of the nonzero entries, and the value of the relative pivot threshold u. The results using the original MA27 strategy confirm the findings of Gill, Murray, & Saunders (1989) that for problems with some zero diagonal entries a smaller value of u can yield a substantial reduction in the factorization cost. If the problem is well scaled, the Markowitz-b strategy which takes into consideration the zeros on the diagonal is generally less sensitive to the value of u than the original strategy. This is particularly true if the tentative pivot sequence contains a large number of 2 x 2 pivots with Markowitz cost zero. However, for the Karmarkar problem with Sharelb data, we found that the number of arithmetic operations needed by the factorization phase was more than 1.7 times the number anticipated by the analysis phase. For the Markowitz-b strategy with u = 0.01 we found that for all our test problems the predicted cost was a good estimate of the actual cost. If the problem is not scaled, the discrepancy between the predicted and actual cost can be considerable. For example, for the least-squares problem Beaconfd with u = 0.1, if MC19 was not employed we found that, for the Markowitz-b strategy, the actual number of flops rose from 145822 to 298057.
The effect of using the new stability test (4.5) is demonstrated in Table 6 .4. The Markowitz-b strategy is used to select the tentative pivot sequence and the default value u = 0.1 is employed. It may be seen that for some problems the new stability test can give a worthwhile gain, and for all the test problems the new stability test gave results which were at least as good as those achieved with the old stability test. For problems Capri, E226, and Beaconfd in class (ii) where the pivotal sequence is optimal, the stability test is not applied since all the pivots have Markowitz cost zero.
In Table 6 .5 we illustrate the effects of testing the Markowitz cost of a potential pivot. The recommended strategy passes the expected Markowitz costs to the factorization phase; the Markowitz cost of a potential pivot is then tested against the expected cost, as discussed in Section 4.2. In addition, any pivot with Markowitz cost zero is not tested for stability. This strategy is compared with not passing the expected Markowitz costs to the factorization phase, but still testing for a Markowitz cost of zero, and with performing no test on the Markowitz cost of potential pivots during the factorization phase. It may be seen that for most of the test problems it is important to pass the expected Markowitz costs to the factorization phase and to test for a Markowitz cost of zero. For the class (ii) problems with Capri, E226, and Beaconfd data for which the Markowitz-b strategy chooses optimal pivot sequences, the number of flops required by the numerical factorization increases dramatically if no test is made for a Markowitz cost of zero. All the results for the Markowitz strategies presented in Tables 6.1-6.5 have employed the new storage scheme for the generated element matrices discussed in Section 3.4. In Table 6 .6 we consider what happens if the original storage scheme in which the generated element matrices are stored as full matrices is used with the Markowitz-b strategy. It may be seen that for many of the test problems, particularly those in classes (ii) and (iii), if the original storage scheme is used there is a sharp deterioration in the results.
Coadnioas
Our numerical experiments indicate that, in general, the proposed modifications to MA27 yield worthwhile gains compared with the MA27 strategy when applied to matrices with some zero diagonal entries. Extending the minimum degree ordering to include 2x2 pivots does give some improvement over the original MA27 strategy but larger gains are obtained if the pivots are selected using the Markowitz criterion. The gains were found to be particularly significant for the Karmarkar and least-distance test problems (classes (ii) and (iii)). For the unconstrained least-squares problems (class (i)) and the class (iv) problems the improvements in the performance using a Markowitz strategy in place of a at Radcliffe Science Library, Bodleian Library on May 17, 2010 minimum degree strategy were considerable if the matrix B was almost square. Of the Markowitz strategies discussed in Section 3.2, our numerical experiments suggest that selecting the pivot sequence on the basis of the Markowitz cost of the second pivot in a 2 x 2 pivot gives the best results. However, for most problems using an upper bound on the Markowitz cost of the second pivot yields results which are comparable with those where the exact Markowitz cost is computed and, since the exact Markowitz cost is expensive to compute, we will adopt the Markowitz-b strategy which uses this upper bound.
We propose therefore to modify the analysis phase of MA27 to use generated element matrices of the form (3.16) and (3.17), to employ the Markowitz-b pivoting strategy (Section 3.2), to provide the factorization phase with the expected Markowitz costs of the pivots, and to indicate which pivots are intended 2x2 pivots. The factorization phase will be modified to accept the new data, use generated element matrices of the form (3.16) and (3.17), use the new stability test (Section 4.1), and delay pivots whose Markowitz costs are much larger than anticipated. We believe that these changes will avoid the present poor performance of MA27 on problems with zero diagonal entries.
